The arguments of the present paper can be used to prove that any real analytic manifold M, compact or non-compact, with a real analytic Riemannian metric has a real analytic (proper) embedding in some Euclidean space, thus providing a new proof as well as a generalization to the non-compact case of a well-known theorem of Bochner [2] . To obtain this result in case M is non-compact, one need only observe that by the theorem of Petrovsky (see, e.g., [15, p. 225] ) harmonic functions on a real analytic manifold with real analytic Riemannian metric are necessarily real analytic so that the proper embedding by harmonic functions constructed in § 3 is in this case real analytic. On the other hand, if M is a compact real analytic manifold with real analytic Riemannian metric, then the non-compact manifold M x R (with the product real analytic structure and the product metric, this metric being thus real analytic) has as noted a proper real analytic embedding in some Euclidean space. The composition of this embedding of M x R with the real analytic embedding i : M -> M x R defined by p -> p x 0 is a real analytic embedding of M in a Euclidean space. (An extension of Bochner's result to non-compact manifolds has been given by Royden [20] and Malgrange [25] using methods different from those of the present paper. The more difficult problem of finding real analytic embeddings of real analytic manifolds without assuming that the manifolds admit real analytic Riemannian metrics has been solved for compact manifolds by Morrey [13] and for both compact and non-compact manifolds by Grauert [7] ).
Once it is known that a given real analytic manifold admits a proper embedding in some (finite-dimensional) Euclidean space, the Weierstrass approximation theorem may be applied to show that the manifold has a real analytic embedding in any Euclidean space in which it has a C°° embedding (see [7 ; pp. 470-471]). A corresponding remark applies to the question of real analytic proper embeddings. Thus the dimensionality requirements are not a point directly at issue in real analytic embedding problems. In the case of embedding by harmonic functions, the dimensionality .requirements are of significance since no harmonic function analogue of the Weierstrass approximation technique indicated holds in this case. Proof. -Let (x^ ,. . . ,x^) be a C°° local coordinate system defined in a neighborhood of p. If 3€ denotes the real vector space of germs of harmonic functions at p, then there is a linear mapping
• hese,
For specified functions /^ ,...,/;", nonsingularity at p of the Jacobian of the associated mapping H is equivalent to nonsingularity of the n x n matrix / 3/^ x ; = 1 ,.. . ,M v 9x^ p ) / = 1 ,... , M and hence is equivalent to the linear independence in R" of the vectors G{ h ^),. . . , ff(h^), where A, = the germ of A, at p. Thus to establish the proposition it suffices to show that the subspace ff(3€p) of R" has dimension n or equivalently that J5(9€ ) = R". Suppose on the contrary that ff0€p) ^ R". Then there would exist (c^ ,. . . , »") E R" n such that for every (j^ , .. . ^^^O^p) ^ ^i = °-
In that case ' 1=1 every h^SOC ) would have 0 derivative at p in the direction n 9 a, -. Hence the proof of the proposition will be complete if
1=1
w ! ->• it is established that for every vector V ^ 0 in the tangent space of M at p there exists a harmonic function h defined in a neighborhood of p such that ~^h =fc 0. The existence of such harmonic functions is implied by a fact that was understood though not proved in detail in classical potential theory (cf. [6] ). Expressed in physical terms, this fact is the observation that if C is the geodesic emanating from p with tangent ^ then, provided that q is close enough to p along (the positive direction of)' C, a unit charge at q exerts a force on a test charge at p which has a nonzero component in the direction of ^. Using the constructions which make up the method of the parametrix, it is possible to formulate and prove a precise version of this general observation and thus to reduce the existence of a locally defined harmonic function satisfying VA^O.
The following discussion will briefly outline the required construction using the notation and results of [19 ; Chapter V] (cf. [22] ), to which the reader is referred for further details. Note that the case n = 2 requires special consideration, as a consequence of the fact -logr is the natural potential on the plane whereas r 2 -rl plays the corresponding role for n > 3. Only the case n > 3 will be discussed here ; the desired conclusion in case n = 2 can be deduced by similar methods (replacing r 2 -" by -log r) or can be obtained immediately from the existence of local uniformizing variables, i.e., the existence of local isothermal coordinates, on any two-dimensional Riemannian manifold ( [4] ).
If D is any sufficiently small neighborhood of a point p E M, then there is defined on D x D -{(x , x) | x G D} a C°° function j(x , y), the elementary kernel ("noyau elementaire"), which has the properties that it is harmonic in the first variable (when x ^ y) and that for each fixed y it satisfies in the distribution sense the equation A^Qc ,y)\ = = 6(y) where 8(y) is the Dirac distribution aty. (Thus 7 is", up to th^e addition of a C°° function, the potential of a unit charge at y in the classical theory). Assume that D^ is a neighborhood of p chosen to have compact closure in M with D, C D and to be convex in the sense that any two points in D^ are joined by a unique minimizing geodesic, which lies in D^ . Then the kernel 7 has the further property that if x is sufficiently close to y, x ^ y, x ,y G D^, then the derivative of 7 with respect to motion of x toward y along the geodesic from x to y is nonzero. In fact, given K > 0, there exists an e > 0, such that if the distance from x to y, x , y E D^ , is less than e but x ^ y then thê -derivative of y(x , y) with respect to arc length along the minimizing geodesic from x to y is greater than K in absolute value. To see that the elementary kernel behaves this way, note that it is explicitly given as follows : Using from [19] , Lemma 1 of § 28, Lemma 6 of § 27, and Lemma 4 of § 27, it is easily verified that the differentiation of the 2 / term of the expression for 7 along the geodesic from x to y produces a result of order of magnitude at most that of r 3 "". On the other hand, xdifferentiation of cj(x, y) along this geodesic produces a result of order of magnitude precisely that of r 1 ""^, y) since a) o;(x, y) is the product of ^""(jc, y) and a (nonzero, for x = y) C°° function of x and y and b) the indicated derivative of r 2~n (x , y) is exactly (n -2) r 1 ""^, y). Thus the x-derivative of j(x , j0 with respect to arc length along the geodesic from x to y becomes infinite when x is sufficiently close to y. That this derivative becomes infinite as x -> y uniformly in y follows from the fact that the relevant estimates involve only constants which can be chosen to vary continuously with the metric or equivalently continuously with respect to variation of y.
->• It follows from the observations given that if V is any vector = 0 in Mp.and C is the geodesic from p satisfying C(0) = p, C'(0) = V then for sufficiently small IQ > 0 the function q -^ y(q ,C(^)) is defined and harmonic in a sufficiently small neighborhood of p and^h |p + 0. n
Remark. -Proposition 1 is actually a special case of a general theorem due to Lipman Bers, to the effect that one can obtain local solutions of a linear elliptic equation Pu = /with prescribed derivatives up to order m -1 at a single point, where m is the order of P ([23 ; Lemma 5 .1] and [24 ; p. 228]). However, we have included the above proof for the special case at hand because it is relatively simple and elementary.
Embeddings by harmonic functions.
Throughout this section and the following one, M will be a connected non-compact Riemannian manifold of class C°° and dimension
Let 3€(M) be the topological space of harmonic real-valued functions on M with the coarse C° topology, i.e., the topology of uniform convergence on compact subsets of M. Let C°°(M) be the space of C°° real-valued functions on M with the coarse C°° topology, i.e., the topology of uniform convergence on compact subsets of M of functional values and values of derivatives of all orders. Since an harmonic function on M is necessarily C°°, there is an inclusion i :
ge(M) S C°(M).

LEMMA 1. -The inclusion mapping i : 9€(M) ~> C°°(M) is a homeomorphism of 3€(M) onto a closed subspace of C°°(M).
Proof. -This lemma is equivalent to the following standard properties of harmonic functions, the first of which follows from the second, the second being a special case of results of Friedrichs and GSrding (see [15 ; p. 210 
LEMMA 2. -// K is a compact subset of M such that M -K has no compact components, then every function f : K -> R which is harmonic on K is the uniform limit on K of harmonic functions defined on all of M. In particular, if p, q EM, p ^ q, then there is a harmonic function h on M such that h(p) =^ h(q).
Proof. -A linear elliptic operator P on M is said to have the unique continuation property if any two functions u^ : U -> R, u^ : U -^ R defined on a connected open subset U of M which satisfy (1) Pu^ = 0 and Pu^ = 0 on U and (2) u^ = u^ on some open subset V of U necessarily satisfy (3) u^ = u^ on all of U. Not every elliptic operator has the unique continuation property as shown by Plis [17] . However, Aronszajn [1] and Cordes [5] have proved that all second order elliptic operators (with C°° coefficients) and in particular the Laplacian on M do have this property and in fact an even stronger condition of the unique continuation type than that required here. A related theorem which admits a much simpler proof and which also implies the present unique continuation property is given by Protter [18] . The first statement of the lemma is thus a consequence of the following result of Lax [11] and Malgrange [12] (see also [15 ; pp. 233-241] for a detailed discussion of the real analytic case, wherein the unique continuation property is automatic) :
If P is a C°° elliptic operator on a connected non-compact C°°m anifold M and if its adjoint P* has the unique continuation property, then, for every compact subset K of M such that 222 R.E. GREENE AND H. WU M -K has no components with compact closure, any function / : K -> R which satisfies P/ = 0 on K is the limit uniformly on K of functions h defined on all of M and satisfying Ph = 0 everywhere on M.
The second statement of the lemma follows immediately from the first since the function which is 0 at p and 1 at q is harmonic on the set {p , q} and M -{p , q} is connected, o That F is a proper mapping now follows from the fact that for each / a\ -» 4-oo as i -> + °° together with the fact that only finitely many of the C{ j = 0 ,. . . , n, i = 1 , 2 , 3 ,.. . have a nonempty intersection with any given compact subset of M. The existence of a nonnegative C°° strictly subharmonic function with compact sublevel sets on any connected non-compact Riemannian manifold is the harmonic function analogue of the existence of a C°°s trictly plurisubharmonic function with compact sublevel sets on a Stein manifold. The existence of such a function on a Stein manifold follows from the existence of a proper holomorphic embedding of the Stein manifold in some C'" by a process whose analogue in the harmonic case is the process by which the Corollary just given is derived from the previous theorem.
The subharmonic functions which satisfy the conditions of the Corollary are subject to certain geometric restrictions. For example, if M is complete but has finite volume then such a function cannot be (uniformly) Lipschitz continuous on all of M ( [9] ).
